
1 Real gas equations

In the context of the PPI experiment, there are two entities that must be
modified because of deviations from an ideal gas case: the equation of state
and the heat capacity. If we consider a mixture of real gases with given mole
fractions ui,

∑

i ui = 1, the equation of state can be written as

p = cRT (1 + Z(c, T )) (1)

where R = 8.3143 J / mol K is the universal gas constant, T temperature and
p =

∑

i pi, c =
∑

i ci and Z(c, T ) =
∑

i uiZi(ci, T ) are the pressure, concentra-
tion (c = ρ/m, where ρ is the density and m =

∑

i uimi the mean molecular
mass) and virial expansion of the mixture as defined by their respective par-
tial quantities pi = uip and ci = uic. For minor species like Argon and
Methane, it is sufficient to approximate the virial expansion by the second
virial coefficient
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where the coefficients ai are given in Table 1 and the reference temperature
T0 = 298.15 K. For Nitrogen, the major species in the atmosphere of Titan,
a more detailed expansion can be written as
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where the coefficients ai are given in Table 1 and the constant γ = 5.6 ·

10−6 m3/mol. The virial expansion can be used to derive functional forms
for the following quantities: volume expansivity αp
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and the isothermal compressibility κT
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Turning our attention now to the heat capacity, an adequate approxima-
tion for the specific isochoric heat capacity for an ideal gas can be expressed
as
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where the mean molar masses mi, degrees of freedom ni and relevant vibra-
tional constants bij and temperatures xij(T ) = Tij/T are given in Table 2 for
the different species. The isochoric heat capacity of the mixture is then
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and the isobaric heat capacity is

cp = cV +
Tα2

p

mcκT

(8)

Now the relation between the ambient atmospheric pressure and the total
pressure measured by PPI can be written for subsonic flow conditions as

p = pt

(

1 +
v2

2cpT

)

−mcp/R(1+Z)

(9)

where v is the velocity of the probe relative to the atmosphere.
Assuming a hydrostatic equilibrium, the relation between changes in pres-

sure and height can be written

−

dp

p
=

mg

RT (1 + Z)
dz (10)

where g is the local gravitational acceleration. In addition to that, the equa-
tion of motion for the probe can be written as

a = −gêr − ρvv

SCD

2M
(11)

where a, S, CD and M are the acceleration, reference area, drag coefficient
and mass of the probe, respectively. The descent profile of the probe can
now be reconstructed by first using Eq. 10 from ground up to make a rough
estimate of the profile, hence giving g(t), and then iteratively using Eq. 11 by
alternating between determining the quantity SCD/2M for different probe
configurations, and integrating the profile from the beginning of the measur-
ing sequence to the ground.
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ai

i Ar CH4 N2

0 −1.6 · 10−5
−4.3 · 10−5 1.66015 · 10−5

1 −6.0 · 10−5
−1.14 · 10−4 1.30439 · 10−3

2 −1.0 · 10−5
−1.9 · 10−5 -0.0297238

3 −7.0 · 10−6 0.415580
4 -51.4741
5 0.225089
6 -0.206832
7 -1.45900
8 6.75930 · 10−5

Table 1: Coefficients for virial expansions of Argon, Methane and Nitrogen
as given by Eqs. 2 and 3 for concentration in mol / m3 and temperature in
Kelvin.

Ar CH4 N2

m 0.03995 0.01604 0.02802
n 3 6 5
b0 0.008449 1.0054
b1 4.6942
b2 3.4865
T0 648 3353
T1 1957
T2 3895

Table 2: Molar masses m (kg / mol), degrees of freedom n, vibrational
coefficients bj and temperatures Tj (K) for different species as used in Eq. 6.
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Figure 1: Vertical acceleration derived from the equation of motion (11) of
the probe.

Figure 2: Vertical velocity derived from Eq. 11 (solid line) and from pressure
differential (crosses).
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Figure 3: Altitude of the probe measured by PPI (solid line) and radar
altimeter (crosses).

Figure 4: Drag factor SCD/2M derived from PPI data.
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Figure 5: Ambient pressure as a function of altitude derived from real (solid
line) and ideal (dashed line) gas equations.

Figure 6: The total virial expansion Z(c, T ) as a function of altitude (solid
line) and contribution from Nitrogen (dashed line).
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Figure 7: Mach number v/cs of the probe as a function of altitude.

Figure 8: Reynolds number ρlv/η of the probe as a function of altitude.
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